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Locally standard torus actions and sheaves over 

Buchsbaum posets 

Anton Ayzenberg 

Abstract. We consider a sheaf of exterior algebras on a simplicial poset S and 
introduce a notion of homological characteristic function. Two objects are asso¬ 
ciated with these data: a graded sheaf I and a graded cosheaf II. When S is a 
homology manifold, we prove the isomorphism H n ~ * 1 ~ p {S\I) = H p (S;H) which 
can be considered as an extension of the Poincare duality. In general, there is 
a spectral sequence E pq = H n ~ 1 ~ p (S;U n -\ +q ®X) => H p+q (S; II), where U * is 
the local homology stack on S. This spectral sequence, in turn, extends Zeeman’s 
spectral sequence in interpretation of McCrory. We apply these results to toric 
topology. Let X be an orientable manifold with locally standard action of a com¬ 
pact torus and acyclic proper faces of the orbit space. A principal torus bundle 
Y is associated with X and the orbit type filtration on X is covered by a topo¬ 
logical filtration on Y. Then the second pages of homological spectral sequences 
associated with these two nitrations are isomorphic in many positions. 


1. Introduction 

An action of a compact torus T n on a smooth compact manifold M of dimension 
2 n is called locally standard if it is locally modeled by the standard representation 
of T n on C n . The orbit space of a local chart is isomorphic to a nonnegative cone 
C n /T n = {(xi,..., x n ) e | Xi ^ 0}, thus the orbit space Q = M/T n of the whole 
manifold has a natural structure of manifold with corners. Points from interiors of 
dimensional faces of Q are the A;-dimensional orbits of the action. For any face G 
of Q consider the stabilizer subgroup Tq c T n of points in the interior of G. The 
mapping sending the face G to the toric subgroup Tq is called characteristic data. 
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For any manifold M with locally standard torus action having the orbit space 
Q there exists a principal T n -bundle Y > Q such that M is equivariantly homeo- 
morphic to the identification space X = Y/ ~, where ~ identihes points over a face 
G c= Q differing by the action of Tq [ 13] . Thus any manifold with locally standard 
action is uniquely determined, up to equivariant homeomorphism, by three objects: 
a manifold with corners Q, a principal torus bundle Y over Q (these bundles are 
encoded by their Euler classes lying in H 2 (Q]7j n )) : and characteristic data. 

For a manifold with corners Q consider the dual poset Sq. The elements of Sq 
are the faces of Q and the order is given by reversed inclusion. If Q is the orbit 
space of a manifold with locally standard action, then Sq is a simplicial poset (see 
Definition 12.111 . 

The description of topology of X in terms of the combinatorial data is difficult 
and, in general, far from being accomplished. The cohomology and equivariant coho¬ 
mology rings are unknown and even Betti numbers haven’t been explicitly calculated 
yet. 

Nevertheless, there are several important particular cases which are known and 
well studied. If the orbit space Q is isomorphic to a simple polytope, the manifold 
X is called quasitoric. This particular case was introduced and studied in the 
seminal work of Davis and Januszkiewicz [6 and under lied the development of toric 
topology. Quasitoric manifolds are natural topological generalizations of smooth 
projective toric varieties. The reason which makes quasitoric manifolds feasible 
from topological viewpoint is that the orbit space has trivial topology (the convexity 
happens to be not so important). 

This setting may be generalized to the case when all faces of Q are acyclic. This 
situation is very close to toric varieties or quasitoric manifolds and the answer is 
also very similar |8j: 


H* Tn (X; Z) =* Z[S Q ] ; H* (X; Z) ^ Z[S Q ]/(e 1 ,..., 9 n ), 

where Z[Sq] is the face ring of the simplicial poset Sq and (ffi,..., 9 n ) is a regular 
sequence of degree 2 in Z[Sq], determined by the characteristic data. 

There are several papers where the calculation of topological invariants was per¬ 
formed for more general examples. In [ilj we proved that whenever all proper faces 
of Q are acyclic and Y —> Q is a trivial bundle, the equivariant cohomology ring is 
represented as a direct sum (as rings and as modules over H*(BT n ] Z)): 

H* „(X; Z) ^ Z [S Q ] © H*{Q ; Z). 

We also calculated Betti numbers and partly described the ring structure of H*(X, Z) 
when X is an orientable toric origami manifold with acyclic proper faces of the orbit 
space. This is a very restricted class of manifolds with locally standard actions, 
but even in this case many interesting phenomena sprang up. Betti numbers of 
4-dimensional toric origami manifolds without any restrictions on proper faces were 


SHEAVES OVER BUCHSBAUM POSETS 


3 


calculated in |T. The cohomology rings of 4-dimensional manifolds whose orbit 
spaces are polygons with holes were described in [12j . 

In [ T3] Yoshida introduced the cohomological spectral sequence converging to 
H*(X ; Z) for any A", but generally this spectral sequence does not quickly collapse, 
so it is difficult to extract any explicit information, such as Betti numbers, from 
it. This approach requires an extra effort to obtain a concrete result. However, for 
some particular choices of X this extra effort can be done. 

In this paper we study the homological structure of a manifold A', and related 
objects, using the filtration of X by orbit types 

(1.1) A 0 c= A, c= ... c X n = X. 

Here X, is the union of all T"-orbits of dimension at most i, so dimAj = 2 i. 
This filtration induces a spectral sequence (E x ) r pq => H p+q (X), where ( E x ) pq = 
H p+q (X p , X p _i). By dimensional reasons, (E x ) pq = 0 for p < q and r ^ 1. 

There is a natural topological filtration of Y which covers the orbit type filtration 
of A, and the map /: Y —» A induces the map of homological spectral sequences 

(1-2) /;: {E y Y m - (E x ); tq . 

If the proper faces of Q are acyclic, we prove that the map /* is an isomorphism for 
p > q. Thus every entry of ( E x ) r pq away from the diagonal is known, at least if the 
structure of ( Ey) pq is known. 

To prove the above-mentioned isomorphism (Theorem 15. 2ft . we place the maps 
/* : ( E Y )l q —» ( E x ) 2 p q into a long exact sequence and show that certain intermediate 
terms of this sequence vanish. These intermediate terms are the cohomology modules 
H*(Sq]I) of a graded sheaf X on Sq, whose values are the ideals in the homology 
algebra H*{T n ) generated by the vector subspaces Hi(Tg) c: Hi(T n ). The vanishing 
of these sheaf cohomology in certain degrees is the most nontrivial and essential part 
of the work. It follows from the duality: 

(1-3) H n - l ~\S Q -l) ^ H^Sq-U), 

(' Theorem 13.51) which holds for the homology manifold Sq and extends the Poincare 
duality H n ^ l ~ l {SQ] k) = H^Sq] k). Here n is a cellular cosheaf on Sq whose value 
on a face G c Q is the ideal in H*(T n ) generated by the volume form of the 
submodule id^(X G ) c H*(T n ). 

We study this duality in a broader and quite natural setting. For a simplicial 
poset S there exists a Zeeman-McCrory spectral sequence ( EzM ) p . q • It converges to 
the homology of S, and its second page is the cohomology of local homology stacks 
U * on S. If S' is a manifold, this sequence collapses at a second page and gives a 
standard proof of the Poincare duality. Thus Zeeman-McCrory spectral sequence 
can be roughly considered as a generalization of Poincare duality to non-manifolds. 
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We prove that there is a spectral sequence, starting with H*(S;U * ® X) and 
converging to H*(S; II) (Theorem 13.41) . For homology manifolds it collapses to the 
isomorphism (11.31) . 

The work is organized as follows. In Section [2] we review the basic notions: 
simplicial posets, sheaves, cosheaves, and Zeeman-McCrory spectral sequence. The 
word “sheaf” will always mean “a sheaf over a finite poset”. It is not used in its 
broadest topological sense, but rather replaces the term stack or local coefficient 
system. In Section [3] we introduce the notion of homological characteristic function, 
define two objects associated with this object: the sheaf X, and the cosheaf II, 
and formulate Theorems 13.41 and 13.51 proving the duality (11.31) . Theorem 13.41 is 
proved in Section [4j and Theorem 13.51 follows as its particular case. Preliminaries 
on manifolds with locally standard actions are given in Section [5] We introduce 
topological hltrations on Q , A", and Y, and formulate Theorem 15.21 which states 
that modules (E x ) r Ptq are isomorphic to ( E Y ) P:q for p > q. Section [H] is devoted to 
the proof of Theorem 15.21 there we explain the connection of manifolds with torus 
actions and the sheaf-theoretical part of the work. 

2. Sheaves and cosheaves over simplicial posets 
2.1. Preliminaries on simplicial posets. 

Definition 2.1. A finite partially ordered set (poset) is called simplicial if there 
exists a minimal element 0 e S and, for any I s S, the lower order ideal {J e S \ J ^ 
1} is isomorphic to the boolean lattice 2^1 (the poset of faces of a (k — 1)-dimensional 
simplex) for some k ^ 0. 

The elements of S are called simplices. The number k in the definition is denoted 
by |/| and called the rank of a simplex I. Also set dim / = |/| — 1. A simplex of rank 
1 is called a vertex ; the set of all vertices is denoted by Vert(S'). A subset L ci S 
closed under taking sub-simplices is called a simplicial subposet. 

The notation I < J is used whenever I < J and | J\ — |/| = i. If S' is a simplicial 
2 

poset, then for each / < J e S, there exist exactly two simplices J A J" between / 
and J: 

(2.1) I < J ', J" < J. 

For simplicial poset S a “sign convention” can be chosen. It means that we can 
associate an incidence number [J : I] = +1 with any pair / < J e S such that 

(2.2) [J : J'} ■ [J' : I] + [J : J"] ■ [ J" : /] = 0 

for any combination (12.ID . The choice of sign convention is the same as orienting 
each simplex in S. We fix an arbitrary sign convention and use it in the following 
considerations. 
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Notice that the set of simplices of any finite simplicial complex obviously forms 
a simplicial poset. Thus the notion of simplicial poset is a straightforward general¬ 
ization of abstract simplicial complex. 

For / e S consider the following subset of S: 

st°/ = {Je S\ J>I}, 

called the open star of /. It is easily seen that S\ stg / is a simplicial subposet of S. 

We also define the link of a simplex I e S: 

\k s I = {J e S \ J ^ I}. 

This set inherits the order relation from S, and Iks / is a simplicial poset with 
respect to this order, with the minimal element /. The reason why we used to 
different notation for the same thing is that it is convenient to distinguish between 
st gl, which is considered as a subset of S (but not a subposet!), and lkg/, which is 
considered as a simplicial poset on its own (and which is, in general, not included 
in S' as a subposet in any meaningful way). Note that 1kg 0 = S. 

Let S' be the barycentric subdivision of S. By definition, S' is a simplicial com¬ 
plex on the set S\0 whose simplices are the chains of elements of S. By definition, 
the geometric realization of S is the geometric realization of its barycentric subdi¬ 
vision \S\ = f \S'\. One can also think of |S| as a CW-complex with simplicial cells. 
Such topological models of simplicial posets were called simplicial cell complexes 
and were studied in [3j. 

A poset S is called pure if all its maximal elements have equal dimensions. A 
poset S is pure whenever S' is pure. 

In the following k denotes the ground ring; it may be either a field or the ring 
of integers. The (co)homology of simplicial poset S mean the (co)homology of its 
geometrical realization |5|. If the coefficient ring in the notation of (co)homology is 
omitted, it is supposed to be k. 

Definition 2.2. Simplicial complex K of dimension n — 1 is called Buchsbaum 
(over kj if H, (\k K /; k) = 0 for all 0 =£ I e K and i ^ n— 1 — |/|. If K is Buchsbaum 
and, moreover, Hi(K-, k) = 0 for i ^ n — 1 then K is called Cohen-Macaulay. 

Simplicial poset S is called Buchsbaum (resp. Cohen-Macaulay) if S' is a Buchs¬ 
baum (resp. Cohen-Macaulay) simplicial complex. 

Remark 2.3. By HE Sec.6], S is Buchsbaum whenever i/j(lkg/;k) = 0 for 
all 0 t £ I e S and i # n — 1 — |/|. Similarly, S is Cohen-Macaulay whenever 
Hjflks I; k) = 0 for all I e S and * # n — 1 — |/|. 

Typical examples of Buchsbaum posets are triangulations (and, more generally, 
simplicial cell decompositions) of manifolds. Typical examples of Cohen-Macaulay 
posets are triangulations of spheres. A poset S is Buchsbaum whenever all its proper 
links are Cohen-Macaulay. 
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One can easily check that whenever S is Buchsbaum and connected, then S is 
pure. In the following only pure simplicial posets are considered. 

2.2. Cellular sheaves. Let MOD k be the category of k-modules. The notation 
dim V is used for the rank of a k-module V. 

Each simplicial poset S determines a small category cat(S') whose objects are 
the elements of S and the morphisms are the inequalities / < J. A cellular sheaf [5j 
(or a stack [ 10 ] , or a local coefficient system elsewhere) on S' is a covariant functor 
A: CAT (S') —> MOD k . We simply call A a sheaf on S' and hope this will not lead 
to a confusion, since other meanings of this word do not appear in the paper. The 
maps A{ J\ ^ Jf) are called restriction maps. The cochain complex (C*(S] A), d) is 
defined as follows: 

CT(S-,A)= ®C‘(S;A, C‘{S;A)= © A(I), 

1 dim I=i 

d:C i (S-A)^C i+1 (S]A), d = 0 [/' : I]A(I ^ /'). 

!<!' ,diml=i 

The sign convention (12.21) implies that d? = 0. Thus (C*(S;A),d) is a differential 
complex. Define the cohomology of A as the cohomology of this complex: 

(2.3) H*(S; A) = H*(C* (, S; A), d ). 

REMARK 2.4. Cohomology of A defined this way coincide with any other mean¬ 
ingful definition of cohomology. For example the derived functors of the functor of 
global sections give the same groups as (12.31) (refer to [5] for a broad exposition of 
this subject). 

A sheaf A on S can be restricted to a simplicial subposet L cz S. The complexes 
(C*(L, A), d) and (C*(S;A)/C*(L;A),d) are defined as usual. The latter complex 
gives rise to a relative version of sheaf cohomology: H*(S, L; A). 

Remark 2.5. It is standard in topological literature to consider cellular sheaves 
which do not take values on 0 e S', since in general this element does not have 
a geometrical meaning. However, this extra value -4,(0) will be important in the 
considerations of Section [6j Therefore the cohomology group may be nontrivial in 
degree — 1 = dimO. If a sheaf A is defined on S, then we can consider its truncated 
version A which coincides with A on S\{0} and vanishes on 0. 

The notions of maps, (co)kernels, (co)images, tensor products of sheaves over S 
are defined in an obvious componentwise manner. For example, if A and B are two 
sheaves on S, then -4® B is a sheaf on S with values (-4® B)(I) = A(I) ® B(I ) 
and restriction maps ( A®B)(I ^ J) = *4(J ^ J) ® B(I ^ J). In the realm of finite 
simplicial posets the distinction between “sheaves” and “presheaves” vanishes, which 
makes things simpler than they are in algebraic geometry. 
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Example 2.6. Let W be a k-module. By abuse of notation let W denote the 
globally constant sheaf on S. It takes the constant value W on I ^ 0 and vanishes 
on 0. All nontrivial restriction maps are identity isomorphisms. If W is torsion-free, 
we have H*(S ; W) = H*(S\ k) (g) W by the universal coefficients formula. 

Example 2.7. A locally constant sheaf valued by W e MOD^ is a sheaf W which 
satisfies W(0) = 0, W(J) = W for 1^0 and all nontrivial restriction maps are 
isomorphisms (but may be not identity isomorphisms). 

Example 2.8. Following tm, define z-tli local homology sheaf Hi on S by setting 
Ui( 6) = 0 and 

(2.4) Ui(J) = Hi(S, S\st° s J;k) 

for J ^ 0. The restriction maps Ui(J\ < J 2 ) are induced by inclusions of subsets 
stg J 2 stg J\ . Standard topological arguments imply that a simplicial poset S is 
Buchsbaum if and only if Ui = 0 for i n — 1 (see also Remark 12. 161 below!. 

DEFINITION 2.9. Buchsbaum simplicial poset S is called homology manifold (ori- 
entable over kj if its local homology sheaf U. n _\ is isomorphic to the constant sheaf k. 

S is an orientable homology manifold if and only if its geometrical realization is 
an orientable homology manifold in a usual topological sense. 

2.3. Cosheaves. A cellular cosheaf [5| is a contravariant functor A : CAT (S) op —> 
MODjj. The homology of a cosheaf are defined similar to the cohomology of a sheaf: 

C*(S-,A) = 0 Ci{S-,A) Ci(S-,A)= 0 A(I) 

i^ — 1 dim I=i 

d: Ci(S;A) -» C' i _ 1 (S';0, d= 0 [/ : I']A{I > I'), 

H,(S:A) = HAC AS: A), d). 

EXAMPLE 2.10. Each locally constant sheaf W on S determines the locally con¬ 
stant cosheaf VV by inverting all maps, i.e. VV(I) = W(I) and VV(7 > J) = (W( J < 

I))- 1 - 

REMARK 2.11. Notice that the notation HAS] k) can mean either the homology 
of the geometric realization \S\ or the homology of a globally constant cosheaf k on 
S. Obviously these two meanings are consistent, and the same for cohomology of a 
constant sheaf. 

2.4. Coskeleton filtration and dual faces. In the following we suppose that 
S is pure and dim S = n — 1. 

CONSTRUCTION 2.12. Let us recall the construction of coskeleton filtration on 
|S|. Consider the barycentric subdivision S' of the pure simplicial poset S. By 
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definition, S' is a simplicial complex on the set S\ 0 and h-simplices of S' have the 
form (I 0 < Ii < ... < Ik), where Ii e S\ 0. For each / e 5\{0} consider the 
subcomplex of the barycentric subdivision: 

Gi = {(/o < h < ■ • •) e S' such that I 0 ^ 1} c S', 

and the subsets 

dGi = {(J 0 < I\ < .. .) e S' such that I 0 > 1} c: S', and G) = Gi\dGj. 

It is easily seen that dim Gj = n — 1 — dim / since S is pure. We have Gj a Gj 
whenever J < I. The complex Gj (or its geometrical realization |Cr/|) is called the 
face or the pseudocell of \S\ dual to / e S'. The boundary dGj of a face Gj is the 
union of some faces of smaller dimensions. 

Let Si = UfiimGY^i Gi for —1 < i < n — 1. Thus S % is a simplicial subcomplex of 
S'. The filtration 

(2.5) 0 = 5_ 1 cS o cS 1 c...cS b _ 1 = -S', 
and the corresponding topological filtration 

(2.6) 0 = |5_i| c \S 0 \ cz 1^1 c ... c \S n ^\ = 151, 
are called the coskeleton hltrations of S' and IS 1 ) respectively |10j . 

For a pair / < J e S consider the map: 

(2.7) in) j: Hg+dimcAGj, dGj) —> H q+C i im g / _i(c , G/) —> 

* 11(l ■ dim (ri - 1 {dG r , dG r '\Gj) ^ H q+dimGj (Gj,dGj), 

where the hrst map is the connecting homomorphism in the long exact sequence of 
homology for the pair ( Gj,dGj ), and the last isomorphism is due to excision. The 
homology spectral sequence associated with filtration (12.61) runs 

(E s )l, t - H p+q (S p , i) =► H P+ ,(S). 

The hrst differential (ds) 1 is the sum of the maps rnj j over all pairs I < J, I, J e S. 

Construction 2.13. Given a sign convention on S, for each q consider the 
sheaf I-l q on S given by 

U q {I) = H q+ x mGl {G I ,dG I ) 

for I ^ 6, and 'H q ( 6) = 0. For neighboring simplices I < J define the restriction 

1 k 

map as T~L q (I < J) = [J : Ifni) j. For general I < J consider any saturated chain in 
S between / and J: 

ill l 

I < Ji < ... < J fc _i < J, 


and set 


n q {i < j ) = n q {j k . i < j) o... o u q {i < Ji). 
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Lemma 2.14. The map TL q (I < J) thus defined does not depend on a choice of 
saturated chain between I and J. 

PROOF. The differential (dg) 1 satisfies ((dg) 1 ) 2 = 0, thus m q j, j o nij j; + m 9 j„ j o 
mfi j„ = 0. By combining this with (12.21) we see that TL q (I < J ) is independent of 
the chain if its length is 2. In general, since {T|/<T^J}isa boolean lattice, any 
two saturated chains between / and J are connected by a sequence of elementary 

flips [Jfc < Ti < Jk+ 2 ] [Jk < T '2 < Jk+ 2 ] and the statement follows. □ 

Thus the sheaves Ti q are well defined. They will be called the structure sheaves 
of S. From the definition of a cochain complex directly follows 

Corollary 2.15. The cochain complexes of structure sheaves coincide with 
(Es)l * up to change of indices: 

((EsY^fids) 1 ) = (C'"" 1 -(7* ff ) l d). 

REMARK 2.16. There exists an isomorphism of sheaves 

( 2 . 8 ) U q ^ Ug+n-u 

where U* are the sheaves of local homology defined in Example 12.81 Indeed, it 
can be shown that HfiS, S\st° s I) = dGi) and these isomorphisms can 

be chosen compatible with restriction maps. For simplicial complexes this fact is 
proved in m Sec.6.1]; the case of simplicial posets is rather similar. Note that the 
definition of TL* depends on the sign convention while U* does not. This makes no 
contradiction since the isomorphism (12.81) itself depends on the choice of orientations. 

The isomorphism (12.81) implies that S is Buchsbaum if and only if Tiq = 0 for 
q T= 0. Simplicial poset S is an orientable manifold if it is Buchsbaum and, moreover, 
U 0 ^ k. 

2.5. Zeeman—McCrory spectral sequence. From the considerations of the 
previous subsection easily follows 

Statement 2.17 (McCrory, [lOj). There exists a spectral sequence, located in 
fourth quadrant, 

(2.9) ( EzmYp ,q, d r : (EzM) r p) q (E Z M) r p -r, q +r-T, 

(2.10) (E ZM )lq = H n ~ l ~ p (S-Un-i +q ) => H p+q (S-k). 

It is isomorphic to the homological spectral sequence, associated with the coskeleton 
filtration of \S\. 

For us, however, it will be more convenient to work with structure sheaves 77* 
rather than local homology sheaves 77*. For a Buchsbaum simplicial poset the sheaf 
TL, vanish for i T 0. Thus (E Z M) Ptq = 0 for q T 0 and the spectral sequence collapses 
at the second page inducing the isomorphism 

^ H p (S-k). 
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When S is an orientable homology manifold, this gives a Poincare duality isomor¬ 
phism 

H n ^- p (S; k) =* 77 p (4; k). 

2.6. Corefinements of sheaves. In this section we develop a technical notion 
which will be used further in the proofs. 

Let 4 be a sheaf on S. Define a cosheaf A' on the barycentric subdivision S' by 

A'(h < ... < 4) = .4(4) 

with corestriction maps determined naturally by restriction maps of A: 

4'((4 < ... < 4) ^ (4 < • • • < 4)) = 4(4 ^ 4). 

We call A' a corefinement of a sheaf A. The faces 4/ and their boundaries dGj 
are the simplicial subcomplexes of S' so one can restrict A' to them. Next lemma 
follows easily from the definitions. 

Lemma 2.18. 

H q (S p ,S p ^,A')^ ® 77,(4/, 54/; 4'). 

/,dim Gi=p 

Similar to 02.711 there is a map 

(2.11) m|’ j : H q+dimGl (Gj, dGi] A') —»• H q+dimGl ~i{8Gi] A!) —> 

—> H q+d im Gl -i(dGi, dGi\G°j] A') = H q+d i mGj (Gj : dGj\ A!). 

These maps allow to define new sheaves A q on S by setting 4,(7) = H q+d i mGl ( Gi , 8Gi ; A!) 
with restriction maps dehned similar to Construction 12.131 

Lemma 2.19. 7/4(7) is torsion-free for all I e S, then there exist natural iso¬ 
morphisms 

77,(4/, 54/; A') = 77,(4/, 54/; k) <g> 4(7). 

The maps mf j coincide with m g j ® 4(7 < J) up to these isomorphisms. Thus the 
sheaf A q is isomorphic to TL q ®A. 

PROOF. By the definition of 4' we have 

77,(4/, 54/; A!) = 77,(4/, 54/; 4(7)), 


since the value of 4' on all simplices of G°j is exactly 4(7). The rest follows from 
universal coefficients formula. □ 





SHEAVES OVER BUCHSBAUM POSETS 


11 


3. Exterior algebras and characteristic functions 

Let V be a free k-module of dimension N. Let A[V] denote the free exterior 
algebra generated by V, that is the quotient of a free tensor algebra T[V] by the 
relations v (x) v = 0 for all v e V. The algebra A[V] is graded by degrees of exterior 
forms. 

Definition 3.1. Let us fix a simplicial poset S and a locally constant sheaf V 
on S. A collection of vectors {uij e V(i) \ i e Vert (S')} is called a homological 
k -characteristic function if it satisfies the following (%) -condition: 

For each simplex I s S\ 0 whose vertices are ..., i k , the vectors 

are linearly independent over k and span a direct summand in V(/). 

For a locally constant sheaf V on S, valued by the vector space V, consider the 
sheaf C = A[V] of graded exterior algebras generated V. This means that £(I) = 
A[V(/)], and £(/ ^ J) is an isomorphism of graded exterior algebras generated 
by the isomorphism V(I ^ J ): V(J) —>■ V( J) in degree one levels. Let £ denote 
the locally constant cosheaf of exterior algebras corresponding to a sheaf £ (see 
Example 12.101) . 

Let {c Oi e V(i) | i e Vert(S)} be a homological characteristic function. If i is a 
vertex of a simplex I, then the restriction map V(i ^ /) sends the vector Ui e V(i) 
to some vector in V(I). By abuse of notation we denote the target vector by the 
same letter cjj. So far the dehnition of homological characteristic function implies 
that the set {u^,... ,uJi k } freely spans a direct summand of V(I) whenever ii,... ,i k 
are vertices of I. Note, that £(/) is an exterior algebra generated by V(J), so the 
vectors acan be considered as linear forms in £(/). 

Construction 3.2. Consider a subsheaf X c £, defined as follows. For a 
simplex / with vertices i±,... ,i k we set the value of X on / to be the ideal of £(/), 
generated by the linear forms: 

T(/) = (cUjj , . . . , Mi k ). 

It is easily seen that whenever / ^ J, the restriction map £(/ ^ J) sends the ideal 
X(7) generated by the smaller set of elements into the ideal X(J) generated by the 
larger set of elements. Thus the restriction maps of the sheaf X are induced from 
those of £ and are well defined. 

Construction 3.3. Let us define another type of ideals associated with a char¬ 
acteristic function. 

Let J = {i\,..., i k } be a nonempty subset of vertices of a simplex / e S. Consider 
the element 7 tj e £(/) = £(/), 7rj = /\ ieJ ay. By the dehnition of characteristic 
function, the elements {u>i \ i e J} are linearly independent, thus ttj is a non-zero 
form of degree \J\. Let flj c= £(/) be the principal ideal generated by 7 Tj. The 
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restriction maps £(/ < I') (and corestriction maps £(/' > I) = C(I < TT 
identify II j c= £(/) with II j c= £(/'). 

Let us define a subcosheaf II of ideals in C. If J is the whole set of vertices of 
a simplex / ^ 0 we define II(/) = IIj c £(/). If I' < /, the corestriction map 
£(/' > I) injects Ll(/ / ) into II(/), since the form 7i// is divisible by 7iy. Thus II is a 
well-defined graded sub-cosheaf of C. We formally set 11(0) = 0. 

Now we can formulate our main homological results. 

Theorem 3.4. Let S be a pure simplicial poset of dimension n— 1, and X, II the 
sheaf and cosheaf over S, determined by some homological k -characteristic function. 
Then there exists a spectral sequence 

E‘l k - U k ®I) => H s+k (S ; ft), 

jr . rpr _ rpr 

^ ^s— r,fc+r—1 

which respects the inner gradings of I and II. 

If S is Buchsbaum, the spectral sequence of Theorem 13.41 collapses at a second 
page and implies 

Theorem 3.5. For Buchsbaum simplicial poset S of dimension n — 1 there exists 
an isomorphism H k (S; FLq®T) = H n _i_ k (S; II) which respects the inner gradings of 

I and II. 

Corollary 3.6. If S is a homology (n — l)-manifold, then there is an isomor¬ 
phism H k (S]T) = H n _i_ k (S-,U), respecting the inner gradings. 

Let , Ilfo) denote the homogeneous parts of inner degree q of the corresponding 
sheaves X, II. 

COROLLARY 3.7 (Key corollary). If S is a Buchsbaum simplicial poset, then 
H J (S: FLq ® X^) = 0 for j ^ n — 1 — q. 

PROOF. By Theorem 13.51 it is sufficient to prove that Hj(S; ft^ft = 0 for j ^ q. 
The ideal II(J) = II/ is generated by the element ttj of degree |/| = dim / + 1. Thus 
n { j q) = 0 for q F dim I . Hence the corresponding part of the chain complex vanishes, 
and the homology in these degrees vanish as well. □ 

REMARK 3.8. The exterior forms of the top power, A[K]^, lie in every ideal 
X(/) and n(I). Thus the isomorphism of Theorem 13.51 when restricted to the top 
degree, gives the Poincare duality: 

H k (S-,n 0 ) = H k (S-no®I W ) = if n _i_*(S;fiW) = if n _i_ fc (S;k). 

The restriction of the spectral sequence of Theorem 13.41 to the top degree gives the 
Zeeman-McCrory spectral sequence in a similar way. 
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4. Proof of Theorem 13.41 

The idea of proof is the following. We construct a filtered double differential 
complex X k .i and then play with various spectral sequences converging to its total 
homology. 

Before we proceed we need a small technical lemma. Let J e S. If i is a vertex of 
J, we have a map r/*: =—> X(J), which includes the ideal 11* generated by a linear 

form O 0 i into the ideal Z( J) generated by a larger set of linear forms. 

Consider the sequence of maps 

(4.1) o<— i(J) © n, 4- © n, J- © n,<©.. 

/,dim/=0 7,dim/=l 7,dim/=2 

I^J I^J I^J 

where rj is the direct sum of the maps rji over i s Vert (S'), i ^ J; and £ is the direct 
sum of inclusion maps 11/ II//, each rectified by the incidence sign [/ : I']. The 

sign convention obviously implies that (14.11) is a differential complex. But what is 
more important, 

Lemma 4.1. The sequence (14.ip is exact. 

PROOF. This is very similar to the Taylor resolution of monomial ideal in com¬ 
mutative polynomial ring (or Koszul resolution), but our situation is a bit different, 
since II/ are not free modules over A. Anyway, the proof is similar to commutative 
case: exactness of (14.ip follows from inclusion-exclusion principle. To make things 
precise (and also to tackle the case k = Z) we proceed as follows. 

By (*is)-condition, the subspace (ojj \ j e J) is a direct summand in V = k N . 
Let {ui ,..., z/ N } be a basis of V such that its first | J\ vectors are exactly c jj, j e J. 
We simply identify J with the subset {1,..., | J\} c: [n] by abuse of notation. The 
module A[V] splits in multidegree components: A = 0^ C [ N ] A^, where A^ is a 1- 
dimensional k-module generated by /\ ieA ©;• All modules and maps in (14.ip respect 
this splitting. Thus (14.ip can be written as 

0 < 0) @ 0) A4 < (0) (0) A^ < ..., 

AnJ^0 l3J,\I\=lA3l I3J,\I\=2 A3l 

0) [0 < A A <- 0) A*4 <- (0) Ay! 

A,Ar^J^0 \ JeAnJ,|/|=1 I^AnJ,\I\~2 

For each A, the homology of the complex in brackets coincides with ff*(Ay! n j; A^) = 
ff*(Ay! n j; k), the reduced simplicial homology of the simplex on the set A n J A 0. 
Thus homology vanishes. □ 

Let us define a cosheaf M on S taking values in graded differential complexes. 
We set A f(I) = C*(Gi; II/), the simplicial chains of the simplicial complex Gj. The 
corestriction maps A f(I > J ) are naturally induced by inclusions of faces Gi Gj 
and inclusions of coefficient modules II(/ > J): 11/ IIj. 
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The chain complex 

x*,* = (c*(s-,Afy,d H ), x Kl = ® Q(G i; n 7 ) 

J,dim I=k 

is a double complex. It has the horizontal homological differential d#: X k j -* Xk- 1,1 
(sheaf-differential) and the vertical differential dy '■ Ci(Gj ; II/) —> C)_i(G7; II/) (inner 
differential). The differentials commute, d^dy = dyd //, so we can form a totalized 
differential complex 

Xj = ® Xf : j, dxot = d H + (—1 ) k dy\ Xj —> X,j_\. 
k+l=j 

Lemma 4.2. H k {X,d To t) = H k (S;U). 

PROOF. Consider the vertical spectral sequence [9] converging to H k (X, dm/')'- 

C Ey)l ,*, (dy)r-. {Ey) r kl —» (£'v)i_r,(+ r - 1 ) 

which at first computes vertical homology, then horizontal. We have 

(EvUj- ® H,(G,-.11,). 

/,dim I=k 

Since Gi is contractible, Hi(Gi ; II/) = 0 for l ^ 0 and Ho(Gj ; II/) = II/. Thus 

= e t (s ; n), ifi-o; 

V k ’ 1 1^0, otherwise. 

,2 _ if i = 0; 

V |^0, otherwise. 

The spectral sequence collapses at the second page, thus H k (X , d Tot ) = H k (S] II). 

□ 

Our next goal is to compute the homology of totalization by first computing the 
horizontal homology, then vertical. Recall that Gj is a simplicial subcomplex of S', 
so the module C*(Gi‘, II/) is considered as the chain complex of the constant cosheaf 
II/. Let the cosheaf I' be the corefinement of the sheaf Z (recall this notion from 
subsection [231- 

Lemma 4.3. The sequence 

(4.2) o^C^Z')— ® a(G7;II/)— ® <7*(G7; 11/)^... 

7,dim/=0 7,dim/=l 


is exact. 


SHEAVES OVER BUCHSBAUM POSETS 


15 


PROOF. Since all the maps C*(Gi\Tli) —> C*{Gi]Hh) are induced by inclusions 
of simplicial subcomplexes, the sequence (14.2p decomposes as the direct sum over 
all simplices A = (I± < ... < I k ) e S': 


( 


AeS' 


I'(A) 


® n, 


® n J 


7,dim7=0 

AgGj 


7,dim7=l 

AgGj 


Since the condition A e Gj is equivalent to I\ ^ /, and by the definition of corefine¬ 
ment X', the expression in brackets is equal to 


i{h 


© n, <— © n, 


7, dim 7=0 
7s=7i 


7,dim7=l 
' 7<7i 


This sequence is exact by Lemma 14.11 


□ 


Let us return to the double complex X and consider its horizontal spectral se¬ 
quence 

(i H )r- (E„)l ,-(£*)©_!,,_ r 
which computes horizontal homology first, then vertical. 

Lemma 4.4. //,(A’,d Tot ) =* Hi(S';X'). 

PROOF. By Lemma 14.31 the horizontal homology of X vanishes except in degree 
k = 0, where it is isomorphic to C*(S';I'). Thus 

2 { H,(S’S’), iffc-0; 

H k ’ 1 |o, otherwise. 

The spectral sequence collapses and the statement follows. □ 

Finally, we make use of the coskeleton filtration on S'. 

Lemma 4.5. There exists a spectral sequence E r sk => H s+k (S'- 1 X'), d r : E r sk —> 
E r s _ rk+r _ i, E^ k = H n ~ 1 ~ s (S;'H k <g) I). This spectral sequence respects the inner 
gradings on X and X' 


PROOF. Consider the spectral sequence associated with the coskeleton filtration 
of S' for the coefficient system X': 

j^r TT ( o', -r® jr . rpr rpr 

^s,k ^ - n s+fcf<- ) 1-^)1 a ■ E-'s,k ^s—r^k+r—l’ 

El k ^H s+k (S s ,S s _ i; X'). 

We have 

El k ^H s+k (S s ,S s _ l] X')= @ H s+k (G I ,8G I] X')= ® X k (I) 


I, dim Gj=s 


I, dim Gp—s 
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by Lemma 12.181 Since the values of I are torsion-free, Lemma 12.191 implies 

0 Z k (I)= 0 ( I®U k )(I) = C n - 1 - s {S-I®'H k ). 

/,dim Gj=s /,dim Gj=s 

Therefore, 

El k = tf n_1 ~ s (,S;X(x)?4) 

which proves the statement. □ 

The combination of lemmas [4.2114.41 and 14.51 proves Theorem 13.41 

5. Manifolds with locally standard torus actions 

5.1. Orbit spaces. Let T n be a compact n-dimensional torus. The standard 
representation of T n is a representation T n ^ C n by coordinate-wise rotations, i.e. 

(t\ , . . . , • (^-1 , . . . , As n J ( t\Z\ , . . . , ) 

for Zi,U e C, |tj| = 1. An action of T n on a (compact connected smooth) manifold 
M 2n is called locally standard , if M has an atlas of standard charts, each isomorphic 
to a subset of the standard representation. More precisely, a standard chart on M is 
a triple ( U , /, ijj), where U c M is a ^-invariant open subset, fj is an automorphism 
of T n , and / is a ^-equivariant homeomorphism f: U —* W onto a T"-invariant open 
subset W cz C n (i.e. f(t ■ y) = f>(t) ■ f(y ) for all t e T n , y e U). 

The orbit space C n /T n of the standard representation is the nonnegative cone 
= {x e M n | Xi ^ 0}. Thus an orbit space of a locally standard action obtains the 
structure of compact connected n-dimensional manifold with corners. Recall that a 
manifold with corners is a topological space locally modeled by open subsets of 
with the combinatorial stratification induced from the face structure of (details 
relevant to the study of torus actions can be found in [4] or |13| ). 

5.2. Characteristic functions. Let Q = M/T n be the orbit space of a locally 

standard action. Let Fac(Q) denote the set of facets (i.e. faces of codimension 1). 
Every face F of codimension k lies in exactly k distinct facets of Q (such manifolds 
with corners are called nice in [S] or manifolds with faces elsewhere). Consider the 
set Sq of all faces of Q, including Q itself, and define the order on Sq by reversed 
inclusion. Since Q is nice, Sq is a simplicial poset. The minimal element of Sq 
is the maximal face, that is the space Q itself. The facets of Q correspond to the 
vertices of Sq. For convenience we denote abstract elements of Sq by /,J, etc. and 
the corresponding faces of Q will be denoted by Fj, Fj, etc. 

If F e Fac(Q) and a: is a point from interior of F, then the stabilizer of x, denoted 
by A (F), is a 1-dimensional toric subgroup in T n . If Fj is a codimension k face of 
Q , contained in the facets Fi,..., F k s Fac(Q), then the stabilizer of an orbit x e Ff 
is the h-dimensional torus Tj = A(iq) x ... x A (F k ) cz T", where the product is 
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free inside T n . This puts a specific restriction on subgroups A (F), F e Fac(Q). In 
general, the map 

(5.1) A: Fac(Q) —*■ {1-dimensional toric subgroups of T n } 

is called a characteristic function, if, whenever the facets F\,... ,Fk have nonempty 
intersection, the map 

A(Fi) x ... x A (F k ) - T n , 

induced by inclusions A (Ff) T n , is injective and splits. This condition is called 
(*)-condition. Notice, that F\,.... F^ have nonempty intersection whenever the 
corresponding vertices of Sq are the vertices of some simplex. 

From the (*)-condition follows that the map 

(5.2) H 1 (X(F 1 ) x ... x A(Ffc);k) —» F[ 1 (T n ]k) 

is also injective and splits for any ground ring k. Thus the homology classes 
oji, ..., Uk of subgroups A(Fi),..., A (F k ) freely span a direct summand in Hi(T n -, k). 
This motivates the definition of homological characteristic function given in Sec¬ 
tion [31 Surely, the exterior algebra A[C] generated by a k-module V has a clear 
meaning of the whole homology algebra of a torus: A[Hi(T n ; k)] = H*(T n ; k). 

If the function (15. Ill satisfies (15.21) for some specific ground ring k, we say that 
A satisfies (^-condition. It is easy to see that the topological (*)-condition is 
equivalent to (*z), and that (*z) implies (*k) for any k. 

5.3. Model spaces. Let M be a manifold with locally standard action and 
/i : Ad —>■ Q be the projection to the orbit space. The free part of the action has 
the form p\q°: / u~ 1 ((5 0 ) —> Q° , where Q° = Q\dQ is the interior of the manifold 
with corners. The free part is a principal torus bundle over Q°. It can be uniquely 
extended over Q and defines a principal T"-bundle p: Y —> Q. 

Therefore any manifold with locally standard action determines three objects: 
the nice manifold with corners Q, the principal torus bundle p: Y —>■ Q, and the 
characteristic function A. One can recover the manifold M from these data by the 
following standard construction. 

Construction 5.1 (Model space). Let p: Y —* Q be a principal T n -bundle 
over a nice manifold with corners Q and A be a characteristic function on Fac(Q). 

Consider the space X = f Y / ~, where i)\ ~ y 2 if and only if p{yf) = p(y 2 ) e Ff for 
some face Fj of Q, and yi,y 2 he in the same 27-orbit of the action. There exists a 
natural T n -equivariant map /: Y —► X. 

Every manifold with locally standard torus action is equivariantly homeomorphic 
to its model ( [131 Cor.2]), so in the following we will work with X instead of M. 
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5.4. Filtrations. Since Q is a manifold with corners, there is a natural filtration 
on Q : 

(5.3) 0 = Q_ i cQ 0 cQ 1 c...c Q n -i = dQ c Q = Q„, 

where Qj is the union of all faces of dimension ^ i. It lifts to the T"-invariant 
hltration on Y: 

(5.4) 0 = y_! c y 0 chc^c y n _! c y n = y, 
where Yj = p^ 1 (Qi). This in turn descends to the hltration on X: 

(5.5) 0 = X_! <= X 0 a X 1 c ... c X n _! c= X n = X , 

Xi = f(Yi). It is easily seen that (15.5|) is the hltration of X by orbit types, i.e. Ah 
is the union of all orbits of dimension at most i. We have dim A* = 2 i. The maps 
p \ X —» Q, p: Y —> Q and f\Y—*X preserve the hltrations. 

The hltrations give rise to homological spectral sequences. 


(5.6) (Erf. = H p+l} (Q pi Qrf =* HrfQ), (drf : (Erf. (Erf_ 


-r,*+r—1 


(5.7) (Ey)l q = H p+q (Y p , Yrf => H r+q (Y), (d Y y : (By);. - (J3y);_ wr _, 

(5.8) (Erf <q s ff„,(V p ,X p _0 =» 7WX), (d x ) r : (Erf, 

In the following we also need the spectral sequence associated to the hltration 
of Q truncated at Q n -i = dQ\ 

(5.9) 0 = Q -1 cQ 0 cQ 1 c...c Qn-i = <5Q, 

F ^ I 0, for p = n 

Note that (E x ) p q = 0 for q > p by dimensional reasons. The map f: Y —> X 
induces the map of spectral sequences 

/;: (E Y y M - (E x y M . 

The main topological result of this paper is the following 


Theorem 5.2. If Q is orientable and all proper faces of Q are acyclic over k, 
then the map ff : ( E Y )p q —> (E x ) 2 p q is an isomorphism for q < p or q = p = n, and 
injective for q = p < n. 


6. Proof of Theorem 15.21 

At hrst we prove a technical lemma which is extremely useful when one passes 
from the topology of Q to the topology of its underlying simplicial poset Sq. 

For a poset S consider a space P = Cone (Al. A coskeleton hltration of S extends 
to the coskeleton hltration of P: 

|5 , o|c...c|5 n _i| = |5|cP, 
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and the corresponding homological spectral sequence is denoted (E P )* 

For convenience we introduce the following definition. 

Definition 6.1. An oriented manifold with corners Q is called Buchsbaum if 
all its proper faces are acyclic. If Q is Buchsbaum and Q itself is acyclic, then Q is 
called Cohen-Macaulay. As usual, all notions depend on the ground ring k. 

Any face G of Buchsbaum manifold with corners Q is an orientable manifold 
with corners. The acyclicity of G implies that Hj{G,dG ) = 0 for j A dim G and 
H dim aiG, dG) = k by Poincare-Lefschetz duality. 

Lemma 6.2. 

(1) n Let Q be a Buchsbaum manifold with corners, dimQ = n, Sq be its underly¬ 
ing poset, and P = ConedAgl). Then there exists a face-preserving map p: Q —> P 
which induces the identity isomorphism of posets of faces and the isomorphism of 
the spectral sequences <p*: ( E dQ )l * ( E s )l d* for r 1. 

(2) n If Q is Cohen-Macaulay of dimension n, then p induces the isomorphism 
of spectral sequences <p* : (. E q )\ d* ^ (E P )l^ forr ^ 1. 

PROOF. A map p is constructed inductively. 0-skeleta of Q and P are naturally 
identified since both correspond to the set of maximal simplices of S. There always 
exists an extension of p to higher-dimensional faces since all faces of P are cones. The 
statement is proved by the following scheme of induction: (2)^ n _! => (l) n => (2) n . 
The case n = 0 is clear. 

Let us prove the implication (l) n => (2) n . The map p induces the homomorphism 
of the long exact sequences: 

H,(dQ) -- Ht(Q) -- H*(Q, dQ) -- #*_i(dQ)-- 

H*(dP) -- H*{P) -- dP )-- 

The maps H*(Q) —» H*(P) are isomorphisms since both groups are trivial. The 
maps H*(dQ) —* H*(dP) are isomorphisms, since (. Eqq ) =A> H*(dQ), (. Eg P ) 
H*(dP) and the spectral sequences are isomorphic by (1)„,. Five lemma shows 
that p *: ( E q )\ * —* ( E P )\ * is an isomorphism as well. This proves (2) n . 

Now we prove the implication (2)^ n _! => (1)„. Let Fj be faces of Q and Gj 
faces of P. All proper faces of Q are Cohen-Macaulay of dimension ^ n — 1. Thus 
(2)<j n _i implies the isomorphisms H*(Fj, dFj) —» H*(Gi,dGi) which sum together 
to the isomorphism <p* : (E dQ )l # ^ (Pap)*,*- □ 

Corollary 6.3. If Q is a Buchsbaum manifold with corners, then Sq is Buchs¬ 
baum. Moreover, in this case Sq is a homology manifold. If Q is Cohen-Macaulay, 
then Sq is a homology sphere. 
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From now on we suppose that Q is Buchsbaum, as stated in the condition of 
Theorem 15.21 Thus Sq is Buchsbaum as well. 

Let us return to the spaces Y and X over Q. As before, let Fj be the face of Q 
corresponding to / e Sq. Let Yj = p~ 1 (F I ) and Xj = f(Yj) be the corresponding 
subsets of Y and X respectively. Actually, Xj c X is a closed submanifold of 
dimension 2dimF/, called a face submanifold. We set dYj = p~ 1 (dFj) and SXj = 
f(dYj) (the set dXj does not have the meaning of a boundary in a topological sense, 
this is just a conventional notation). Note that = Y and Ag = X. 

We have 

(E Y y M s H M (Y P ,Y^) s © H r+ ,(Yr,dY,) 

\I\=n-p 

(Ex)l, q = H p+q (X p , X p -i) ^ © H p+q {X:,dX:) 

\I\=n—p 

REMARK 6.4. The map fl : ( E Y )* j? —> (E x Y nq , which coincides with /* : H*(Y, dY) —> 
H*(X, dX), is an isomorphism since the identification ~ of Construction 15.1 1 touches 
only the boundary dY, thus Y/dY = X/dX. 

The space Yj is a principal T”-bundle over Qj. For each / e S\0, the face Qi is 
acyclic. Thus there exists a trivialization Yj = Qj/ T" and we have 

(6.1) H v+q {Y h dYp) ^ © HiiFj, dFj) <g> Hj(T n ) ^ H q {T n ), 

i+j=p+q 

(the groups H^Fp, dFj) vanish for i ¥= p, and H p (Fp, dFj) = k). Similarly, for X we 
have the identification 

H,{X:,dX:) - H,(F T x T n /T:,dF > x T n /T r ), 

thus 

(6.2) H p+q (X:, dXj) - H q (T n /T:). 

Consider the graded sheaf © on Sq which takes the value H p+q (Yp, dYp) on each 
I e Sq (including 1 = 0) with the restriction maps extracted from the differential 
(dy) 1 similar to Construction 12.131 By (16.11) . the truncated part TJX = ( see 

Remark 12.51) is the locally constant sheaf C valued by exterior algebras. 

Similarly, we can define a graded sheaf T~L q on Sq which takes the value H p+q (Xp, dXj) 
on I s S. Its truncated part 7© = (£) q T~L X ; is the sheaf of quotient algebras £/X 
according to (16.21) . Indeed, it is easily seen that the homology algebra H*(T n /Tp) 
is naturally isomorphic to the quotient of H*(T n )/T(I), where Z(J) is the ideal 
generated by the subspace H\ (Tj) c Hi(T n ). 

The map fl : (. Ey )\* (. E x )\,* is equal to the map /* : C*{S\U\) -► C*(S;H^). 

This last map coincides with /*: C*(S ; C) —> C*(S ; C/X) away from 6. 
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Lemma 6.5. There exists a short exact sequence of graded sheaves 

0 — 1 — n Y — H x -> 0. 

PROOF. This follows from the diagram 

0 0 

o —- xc-- n Y -- H X -- 0 

o —- z<-- u Y -- n x -- o 

n Y /u v —- n x /n x 
o o 

in which all vertical and two horizontal lines are exact. The lower sheaves are 
concentrated in 0 e Sq and the graded isomorphism between them is due to Re¬ 
mark 16.41 □ 

Finally, the short exact sequence of Lemma [6.51 induces the long exact sequence 
in sheaf cohomology: 

(6.3) - w-\s Q -i^) - w~\s Q -n Y ) A w-\s Q ;n x ) — H\s Q -T {q) ) - 

The poset Sq is a homology manifold. Thus its structure sheaf is constant: 
"Ho = k. Corollary 13.71 implies that the groups H 1 (Sq;I^) vanish for i < n — 1 — q. 
From the long exact sequence (16.3(1 we can see that the map 

/*: H i ~ 1 (S Q ]'H Y ) —► H i ~ 1 {S Q \ / H x ) 

is an isomorphism for i ^ n — 1 — q and injective for i = n — q. This map coincides 
with 

?,-■ (Ey)L - (£x)Ur 

The change of indices p = n — i concludes the proof of Theorem 15.21 

REMARK 6.6. Note, that the similar argument proves that the map /* : ( Eqy) 2 p q 
(Egx)p q is an isomorphism for p > q and injective for p = q. 
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